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Abstract. We apply five subtractions in the Lippman-Schwinger (LS) equation in order to perform a non-perturbative
renormalization of chiral N3LO nucleon-nucleon interactions. Here we compute the phase shifts for the uncoupled peripheral
waves at renormalization scales between 0.1 fm−1 and 1 fm−1. In this range, the results are scale invariant and provide an
overall good agreement with the Nijmegen partial wave analysis up to at least Elab = 150 MeV, with a cutoff at Λ= 30 fm−1.
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INTRODUCTION
The problem of the non-perturbative renormalization of the nuclear force in chiral effective field theory(ChEFT) has
been intensively investigated by several authors [1, 2, 3, 4], creating a deep discussion regarding the consistency of
the scheme originally proposed by Weinberg [5, 6, 7]. One of the most common procedures for the non-perturbative
renormalization of the nuclear forces in the context of Weinberg’s approach to ChEFT can be divided in two steps
[2]. In the first step, one has to solve a regularized Lippmann-Schwinger (LS) equation for the scattering amplitude
by iterating the effective NN potential truncated at a given order in the chiral expansion, which includes long-range
contributions from pion exchange interactions and short-range contributions parametrized by nucleon-nucleon contact
interactions. In the second step, one has to determine the strengths of the contact interactions, the so called low-energy
constants (LECs), by fitting a set of low-energy scattering data. Once the LEC’s are fixed at a given momentum cutoff
scale, the LS equation can be solved to give the on-shell T-matrix so we can derive other observables.
The standard approach used to regularize the ultraviolet (UV) divergences in the LS equation is to introduce a sharp
or smooth momentum cutoff regularizing function [2, 3] that suppresses the contributions from the potential matrix
elements for momenta larger than a given momentum cutoff scale. The multi-pion exchange interactions also contain
UV divergent loop integrals which must be consistently taken care of. The NN interactions can be considered properly
renormalized when the predicted observables are (approximately) independent of the momentum cutoff scale within
the range of validity of the effective theory [3, 8].
The cutoff approach yields to a very efficient regularization of the interaction provided the cutoff scale remains
below 1 GeV. For larger cutoffs, there is no convergence since the force becomes extremely strong for large momenta.
The subtractive renormalization applies a different philosophy for the renormalization procedure: the scattering
equation is modified and the interaction is not cut. The subtracted kernel makes the scattering amplitude finite.
In the next sections we briefly present the renormalization scheme with five subtractions for the chiral N3LO
interactions, show our results for the uncoupled peripheral waves and give our main conclusions and outlook.
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UNCOUPLED CHANNELS WITH FIVE SUBTRACTIONS
The phase shifts for the uncoupled channels can be obtained from the reaction matrix. Since the N3LO interactions
contain terms up to O(q4), a finite K-matrix can be obtained by making five subtractions at a given momentum scale
µ . The LS equation for the on-shell K-matrix with five subtractions is given by [9, 10, 11, 12, 13, 14]
K(5)µ (k,k) = V
(5)
µ (k,k)+
2
pi
P
∫ ∞
0
dq q2 V (5)µ (k,q) G(5)(q2;k2,µ2) K
(5)
µ (q,k) , (1)
whereP denote the principal value and the driving term V (5)µ (p, p′) has to be obtained recursively:
V (n)µ (p, p′;k) =V
(n−1)
µ (p, p′;k)+
2
pi
∫ ∞
0
dq q2 V (n−1)µ (p,q;k)
(µ2 + k2)n−1
(k2 +q2)n
V (n)µ (q, p′;k) , (2)
and
G(5)µ (q2;k2) =
Rµ
(5)(q2;k2)
k2−q2 , (3)
is the five times subtracted Green’s function which contains an energy-dependent hyperbolic regularizing function,
R
(5)
µ (q2;k2) =
(
µ2 + k2
µ2 +q2
)5
, (4)
that acts in the recursive driving term V (5)µ (p, p′). Note that this is completely different of applying a regularizing
function directly to the potential VN3LO(p, p′).
Here we consider two state-of-the-art N3LO chiral potentials: the one developed by Entem and Machleidt (N3LO-
EM) [15] and the one developed by Epelbaum, Glöckle and Meissner (N3LO-EGM) [16]. The main difference between
these two chiral forces is the calculation of the two-pion exchange component. In the N3LO-EGM version, the
loop integrals are regularized with the use of spectral functions controlled by a Λ˜ parameter. The spectral function
regularization softens the two-pion-exchange contribution and improves the convergence of the chiral expansion for
the nucleon-nucleon interaction [17, 18].
Each term of the chiral expansion enters in the recursive process in the step required to renormalize it. Hence, the
LO contribution goes into the first subtraction and the NLO terms goes into the third subtraction due to the polynomial
contact interactions. The N2LO two-pion exchange enters into the fourth subtraction and the N3LO corrections go
into the fifth subtraction which accounts for the renormalization of the O(q4) part of the nucleon-nucleon interaction.
Once the K-matrix is obtained through the numerical solution of Eq. (1), the phase shifts for the uncouple peripheral
waves can be computed using the well known relation
tan δ (5)µ (k) =−k K(5)µ (k,k) . (5)
The numerical solution of the subtracted LS equation Eq. (1) and of the integral equations for the recursive driving
terms Eq. (2) are carried out by discretizing the momentum space with 200 points up to 30 fm−1.
In the first four panels of Figure 1 we show the phase shifts for the uncoupled peripheral waves up to J = 6 for
renormalization scales below 1 fm−1 for the N3LO-EM potential compared to the Nijmegen partial wave analysis
[19]. Considering that we are using an extreme large cutoff, the agreement with the data is very good up to 200 MeV
except for the F-waves which have good description only up to 100 MeV.
The results for the N3LO-EGM potential are displayed in the last four panels of Figure 1, where we observe an
improvement of the F-waves due to the weaker two-pion exchange contributions. For the other waves, the phase shifts
are very similar to the ones obtained with the N3LO-EM potential.
For both potentials we can observe an approximate scale invariance in the case of the peripheral waves even with
such large cutoff in the LS equation. This indicates that the renormalization with multiple subtractions is suitable for
non-perturbative renormalization of chiral interactions no matter how large the cutoff is taken.
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FIGURE 1. Phase shifts in uncoupled peripheral waves with the N3LO-EM potential (four upper panels) and N3LO-EGM (four
lower panels) for subtraction points below µ = 1 fm−1.
CONCLUDING REMARKS
We have implemented a non-perturbative renormalization method based on with multiple subtractions to compute the
phase shifts for the uncoupled peripheral waves up to J = 6. Our results show that the method is robust enough to
describe the data with an overall good agreement up to laboratory energies of about 200 MeV. Also, the dependence
of de results on the renormalization scale is very weak below µ = 1 fm−1 in the case of the uncoupled peripheral
waves. If one considers that we are performing a non-perturbative renormalization of N3LO chiral interactions at a
very large cutoff, Λ = 30 fm−1, the results indicate that the renormalization with multiple subtractions provides a
robust technique to deal with the nuclear force.
ACKNOWLEDGMENTS
The authors would like to thank FAEPEX, FAPESP and CNPq for financial support. Computational resources provided
by FAPESP grant 2011/18211-2.
REFERENCES
1. P. F. Bedaque and U. van Kolck, Ann. Rev. Nucl. Part. Sci. 52, 339 (2002).
2. E. Epelbaum, H. W. Hammer and U. G. Meißner, Rev. Mod. Phys. 81, 1773 (2009).
3. R. Machleidt and D. R. Entem, Phys. Rept. 503, 1 (2011).
4. E. Epelbaum and U. G. Meißner, arXiv: nucl-th/1201.2136, 1 (2012).
5. S. Weinberg, Phys. Lett. B 251, 288 (1990).
6. S. Weinberg, Nucl. Phys. B 363, 3 (1991).
7. S. Weinberg, Phys. Lett. B 295, 114 (1992).
8. G. P. Lepage, Proceedings of the VIII Jorge André Swieca Summer School, World Scientific, Singapore, 135 (1997);
arXiv: 9706.029, 1 (1997).
9. T. Frederico, V. S. Timóteo and L. Tomio, Nucl. Phys. A 653, 209 (1999).
10. T. Frederico, A. Delfino and L. Tomio, Phys. Lett. B 481, 143 (2000).
11. V. S. Timóteo, T. Frederico, A. Delfino and L. Tomio, Phys. Lett. B 621, 109 (2005).
12. S. Szpigel, V. S. Timóteo and F. O. Durães, Annals Phys. 326, 364 (2011).
13. V. S. Timóteo, T. Frederico, A. Delfino and L. Tomio, Phys. Rev. C 83, 064005 (2011).
14. S. Szpigel and V. S. Timóteo, J. Phys. G: Nucl. Part. Phys 39, 105102 (2012).
15. D. R. Entem and R. Machleidt, Phys. Rev. C 68, 041001 (2003).
16. E. Epelbaum, W. Glöckle and U. -G. Meissner, Nucl. Phys. A 747, 362 (2005).
17. E. Epelbaum, W. Glöckle and U. -G. Meissner, Eur.Phys.J. A 19, 125 (2004).
18. E. Epelbaum, W. Glöckle and U. -G. Meissner, Eur.Phys.J. A 19, 401 (2004).
19. V. G. J. Stoks , R. A. M. Klomp, C. P. F. Terheggen and J. J. de Swart, Phys. Rev. C 49, 2950 (1994).
